Abstract-Vector Orthogonal Frequency Division Multiplexing (OFDM) for single transmit antenna systems is a general transmission scheme, where OFDM and Single-Carrier Frequency Domain Equalization (SC-FDE) can be treated as two special/extreme cases. Due to its flexibility, it has drawn more and more attention recently. So far, all the studies about Vector OFDM assume the Maximum Likelihood (ML) receiver. In this paper, we investigate the performance of Vector OFDM with linear receivers, i.e., the Zero-Forcing (ZF) and Minimum Mean Square Error (MMSE) receivers. We first show that the detection SNR gap between the MMSE and ZF receivers increases with both channel SNR and the vector blocks (VB) size defined in Vector OFDM. Then, it is proved that for both ZF and MMSE receivers, all the transmitted symbols have equal performance. This is different from the Vector OFDM with ML receiver, where different VBs may have different coding gain, and thus may have different performances. We analyze the diversity order for Vector OFDM with MMSE receiver, and show that, regardless of the Vector OFDM symbol length , the diversity order can be represented as , where is the VB size, is the spectrum efficiency in bits/symbol, and is the maximum delay of the multipath channel. For Vector OFDM with ZF receiver, we show that the diversity order equals 1 and the performance is the same as the conventional OFDM at high SNR.
such as WiMAX [3] , LTE [4] , and WiFi [5] . Although OFDM has low complexity, without coding, it cannot exploit the multipath diversity, and therefore performs worse than single carrier transmission with time domain equalizers. Furthermore, OFDM has very high Peak-to-Average Power Ratio (PAPR), which puts high requirements on the Power Amplifier (PA) and increases the transceiver cost [6] . To mitigate PAPR while retaining low complexity, Single-Carrier Frequency Domain Equalization (SC-FDE) [7] [8] [9] [10] was proposed. At the transmitter, SC-FDE removes the Inverse Fast Fourier Transform (IFFT) block of OFDM, so the PAPR is reduced. At the receiver, SC-FDE first does FFT and channel equalization in the frequency domain, and then does IFFT and demodulation/detection in the time domain. Compared to OFDM, it can be seen that SC-FDE has unbalanced transmitter and receiver complexities. It is further shown that for high order signal constellations, such as 64QAM, SC-FDE suffers performance loss [11] . Therefore, it is commonly agreed that OFDM is more suitable for high data rate and high cost transceivers, while SC-FDE is more suitable for low data rate and low cost transceivers. For example, in LTE [4] , OFDM/OFDMA (Orthogonal Frequency Division Multiple Access) is used in the downlink, where high data rate is more important, and SC-FDE/SC-FDMA (Single-Carrier Frequency Division Multiple Access) is used in the uplink, where low cost is more important. In the next generation millimeter-wave based WiFi, i.e., IEEE 802.11ad [5] , both OFDM based PHY (Physical Layer) and SC-FDE based PHY are defined, where the OFDM based PHY is for high data rate devices, and the used constellation can be up to 64QAM, while the SC-FDE based PHY is for low data rate, low cost and low power devices. The definition of two PHY schemes complicates the system design.
Vector OFDM (V-OFDM), first proposed by Xia [12] to reduce the cyclic prefix (CP) overhead and the IFFT size of a single transmit antenna OFDM system, can be treated as a general transmission scheme, where OFDM and SC-FDE are just two special/extreme cases. So, V-OFDM bridges the gap between OFDM and SC-FDE. By adjusting parameters, the V-OFDM based system can be adapted to cater to different system design requirements, such as PAPR, transceiver cost, data rate, performance, etc. Thus, compared with the two PHY schemes in IEEE 802.11ad [5] , V-OFDM is an attractive alternative. With regard to different system design aspects of V-OFDM, [13] analyzed the synchronization and guard band settings, [15] introduced the vector channel allocation, [14] exploited the turbo principle to do iterative demodulation and decoding, [16] observed that different vector blocks (VB) may have different performances when the ML (Maximum Likelihood) receiver is used and further proposed a constellation rotation scheme to ensure consistent performance for different VBs, [17] thoroughly investigated the V-OFDM performance under multipath Rayleigh fading with the ML receiver.
So far, all the discussions about V-OFDM, such as [12] [13] [14] [15] [16] [17] , are based on the ML receiver, whose complexity increases exponentially with the size of the VB defined in V-OFDM, though the performance increases with the size of the VB as well. It is still unknown how V-OFDM performs with linear receivers, i.e., the Zero Forcing (ZF) and Minimum Mean Square Error (MMSE) receivers. As a special/extreme case of V-OFDM, there are several papers that discussed linear receivers for SC-FDE, see for example [18] , [19] . V-OFDM has a more general structure, and thereby involves more parameters. Also, there are several papers that discussed linear receivers for zero-padded (ZP) or CP block transmissions, see for example [19] [20] [21] [22] [23] , where it is shown that the ZP-based transmission can achieve higher diversity gain than the CP-based transmission. V-OFDM is a kind of CP-based block transmission. For Multiple-Input Multiple-Output (MIMO) systems, [24] [25] [26] [27] [28] [29] [30] [31] [32] discussed the performance of linear receivers. The signal model of V-OFDM has similar form as MIMO, however, there are some key differences. One is that V-OFDM is a single transmit antenna based scheme, the other is that the equivalent channel matrix for V-OFDM has a very special structure, which is quite different from that used in the analysis of MIMO. So, the analysis of the linear receivers for MIMO cannot be applied to V-OFDM in a straightforward manner.
In this paper, we thoroughly investigate the performance of V-OFDM with linear receivers. In the following, we call the V-OFDM with ML, ZF and MMSE receivers ML-V-OFDM, ZF-V-OFDM and MMSE-V-OFDM, respectively. The contributions of this paper can be summarized as follows.
• It is shown that both ZF-V-OFDM and MMSE-V-OFDM do not require explicit matrix inversion and thus have very low complexity, which, different from ML-V-OFDM, does not increase with the VB size defined in V-OFDM.
• It is shown that the gap between the detection SNRs of ZF-V-OFDM and MMSE-V-OFDM increases with both VB size and channel SNR .
• Different from ML-V-OFDM, where different VBs may have different performances [16] , [17] , we show that for both ZF-V-OFDM and MMSE-V-OFDM, all the VBs have equal performance.
• By using the techniques first proposed by Tajer and Nosratinia [18] , we analyze the diversity order of MMSE-V-OFDM and show that, regardless of the V-OFDM symbol size , the diversity order, defined as the slope of the SER (Symbol Error Rate) versus SNR curve in the log-log domain, equals , where is the VB size, is the spectrum efficiency in bits/symbol, and is the maximum delay of the multipath channel.
• We show that ZF-V-OFDM does not have any diversity gain (i.e., the diversity order equals 1) and its performance is the same as the conventional OFDM at high SNR. The remainder of the paper is organized as follows. In Section II, the system model of V-OFDM is introduced. In Section III, different detection algorithms are introduced and the characteristics of the detection SNRs are analyzed.
In Section IV, the equal performance of different VBs for MMSE-V-OFDM and ZF-V-OFDM is shown. In Section V, the diversity orders of MMSE-V-OFDM and ZF-V-OFDM are analyzed. In Section VI, some numerical results are provided to validate the theoretical analysis.
II. VECTOR OFDM SYSTEM MODEL V-OFDM was first proposed in [12] for single transmit antenna systems. It is a generalization of OFDM, and is able to combat spectrum nulls in the channel and collect multipath diversity. In the following we first introduce the received signal model of V-OFDM, and then show that the conventional OFDM and SC-FDE are just two special/extreme cases of V-OFDM.
A. The Received Signal Model
Similar to conventional OFDM, in V-OFDM, the modulated symbols are processed block-by-block. (2) i.e., the frequency domain channel coefficient at the th subcarrier in conventional OFDM with size FFT/IFFT. Define the diagonal matrix as
Assuming perfect synchronization, with some signal processing manipulations [12] , [13] , the transmit VB and the receive VB have the relation (4) where is the noise vector, whose entries are i.i.d. and distributed, and the equivalent channel matrix can be expressed as where is a unitary matrix, whose entry in the th row and th column equals
It is not difficult to verify that can be written as a product of a DFT matrix and a diagonal matrix, i.e., where is the DFT matrix and is defined as
Assuming that , , the transmit SNR can be defined as . Note that although the CP overhead of the V-OFDM above is not changed, the IFFT size is reduced from to by times. This IFFT size reduction also reduces the PAPR.
B. V-OFDM and Other Modulation Schemes
As introduced before, V-OFDM is a general modulation scheme, and conventional OFDM and SC-FDE are two special/extreme cases of V-OFDM. In this case, the signal model (4) is exactly SC-FDE. When and , V-OFDM can be treated as an implementation of signal space diversity (or modulation diversity) [14] , [33] [34] . If we write the received signal model (4) as then the unitary matrix can be treated as a rotation matrix, the same as that defined in the signal space diversity [33] , [34] . Fig. 1 shows the equivalent transmit processing of V-OFDM. In Fig. 1 , the parameters used are: , , and . After matrix rotation, the rotated symbols are mapped to subcarriers that are evenly distributed in the frequency band.
III. DETECTION ALGORITHMS
In this section, we derive different detection algorithms for V-OFDM, assuming that the channel is perfectly known by the receiver.
A. ML Detection
Based on (4), the ML detection can be written as Clearly, complexity of ML-V-OFDM grows exponentially with the VB size and the modulation order. In [16] , the authors observed that different VBs may have different performances and further proposed a constellation rotation scheme to ensure consistent performance over different VBs. In [12] , [17] , the authors analyzed the performance of ML-V-OFDM, and in [17] , it is shown that the majority of the VBs can achieve the maximum diversity order, which equals .
B. ZF Detection
The equivalent channel matrix in (4) is the multiplication of two unitary matrices and a diagonal matrix, so its inversion is simple to calculate, which is The signal after the ZF processing is (6) and the symbol-by-symbol detection is (7) The noise covariance of the signal after ZF processing can be calculated as
Because
, where is a DFT matrix and is a diagonal matrix defined in (5), it is not difficult to see that the diagonal elements in are equal, and can be written as
Since the ZF estimation is unbiased, and , for , we have that the detection SNR for the th element in the th VB is (8) and . ZF-V-OFDM has a simple matrix inversion and simple symbol-by-symbol detection. Its complexity does not increase with the VB size , and is much lower than that of ML-V-OFDM.
C. MMSE Detection
Assuming that both channel coefficients and noise variance are known by the receiver, we can use MMSE detection to further improve the performance. The weight matrix of MMSE can be calculated as where the second equation is also due to the special structure of . Compared with ZF-V-OFDM, it can be seen that MMSE-V-OFDM does not need explicit matrix inversion as well and its complexity is the same as that of ZF-V-OFDM, which does not increase with . After MMSE filtering, we have (9) and the th element of can be written as where is the scale factor of the symbol , and is the interference plus noise, where and . Then, the symbol-by-symbol detection is (10) and the detection SNR or Signal to Interference plus Noise Ratio (SINR) for the th element in the th VB is (see Appendix A for detailed derivations) (11) and . Based on these analyses, we have that, for both ZF-V-OFDM and MMSE-V-OFDM, different elements in the same VB have the same detection SNR.
D. The Relationship Between and
Based on (8) and (11) we have the following theorem. Theorem 1: Denote the th column of as and the matrix of after deleting the th column as , which is an matrix. When , the gap between the detection SNRs of the ZF-V-OFDM and the MMSE-V-OFDM can be written as (12) which is independent of . As , the ratio between and approaches 1, i.e.,
Proof: See Appendix B Compared with the linear receiver for MIMO, several points to notice.
• For ZF-V-OFDM and MMSE-V-OFDM, the detection SNRs and are independent of . This is different from the MIMO with linear receivers, where different MIMO streams may have different detection SNRs. The left-hand side of (12) is independent of , which means that the right hand side of (12) is also independent of m, which can be, in fact, directly proved by using the special structure of . • In [28] and [30] , the authors show that for MIMO, the gap between the MMSE detection SNR (denoted as ) and the ZF detection SNR (denoted as ), i.e.,
, is independent of , where means the th MIMO stream. Further, in [28] , explicit closed-form PDF (Probability Density Function) of for i.i.d. MIMO Rayleigh channels is obtained. In V-OFDM, the channel has a special structure and does not have i.i.d. Rayleigh fading elements, thus is not independent of anymore. So, the PDF of obtained in [28] cannot be applied here.
• Theorem 1 is concerned with the gap of the detection SNRs for one channel implementation. This gap cannot be simply mapped to the SNR gap in SER versus SNR curves, where the SNR there is the channel SNR . Thus, Theorem 1 does not mean that the SER versus SNR curves of MMSE and ZF only have a constant SNR shift. • For ML-V-OFDM, it has been shown that the diversity order increases with the VB size [12] , [16] , [17] . For MMSE-V-OFDM and ZF-V-OFDM, when CIR is fixed, the gap does not have to increase with . However, we can show that, after averaging over the channel implementations, the SNR gap, i.e., the , increases with , which means that the larger the is, the better the performance of MMSE-V-OFDM is compared to that of ZF-V-OFDM. Since the closed-form PDF of is difficult to obtain for MMSE-V-OFDM, we show this conclusion by simulations in Section VI.
IV. THE PERFORMANCE INDEPENDENCE OF VECTOR BLOCK INDEX
Since ZF-V-OFDM and MMSE-V-OFDM use scalar detectors as in (7) and (10), their performances depend only on the distributions of the detection SNRs, i.e., and . According to (8) and (11) which means that is independent of . Since it is Gaussian distributed, we have that the PDF of the elements in does not depend on .
According to (8) , (11) and Lemma 1, we have the following theorem.
Theorem 2: For ZF-V-OFDM and MMSE-V-OFDM, after averaging over the channel, all the transmitted symbols have the same error rate performance. So, in the following, we focus on the performance analysis of one VB only, without loss of generality, we assume it is , and the performance result is valid for all .
V. DIVERSITY ANALYSIS V-OFDM WITH LINEAR RECEIVERS
In this section, we use the techniques first proposed by Nosratinia et al. [18] , [29] to analyze the diversity order of V-OFDM with linear receivers. We mainly focus on the differences for V-OFDM. When the results in [18] , [29] can be applied to V-OFDM directly, we omit the proofs and refer to [18] , [29] for details. For completeness, we first define the essentials that are needed for the diversity order analysis.
A. Diversity Analysis
The SER can be calculated as the pair-wise error probability averaged over the channel and the transmitted symbols, which can be written as
The SER depends on parameters (the transmission rate in bits/symbol, or spectrum efficiency), (the size of VB), (the channel length), and (the V-OFDM symbol length). The diversity order is defined as
We use and to represent the diversity orders of ZF-V-OFDM and MMSE-V-OFDM, respectively.
Following the same approach as in [18] , [29] , we can define the effective mutual information between the linear filter output and the transmitted symbol as (13) Due to (8) , for ZF-V-OFDM, can be written as (14) and due to (11) , for MMSE-V-OFDM, can be written as (15) Because the detection SNRs of all the symbols in one VB are the same, the mutual information in (13) equals to the mutual information of each symbol in one VB, i.e.
(16) (17)
The outage probability is defined as (18) which is equal to for ZF-V-OFDM or MMSE-V-OFDM. This means that the above outage probability of the detection of the vector channel (4) after the ZF or the MMSE operator/receiver is indeed that of the scalar channel detection (7) or (10), respectively. Similarly, the outage diversity order is defined as Also, we use and to represent the outage diversity order for ZF-V-OFDM and MMSE-V-OFDM, respectively.
Similarly as in [18] , [29] , we define the exponential equal of two functions and , write it as , if
Compared with the analysis of SC-FDE in [18] , there are several key differences. One is that in [18] , the authors analyzed the diversity order which changes with the spectrum efficiency , the channel length and the SC-FDE symbol length . Here, for V-OFDM, besides these parameters, we have the parameter , i.e., the size of VB. The other is that for SC-FDE, it does not make sense to assume that , i.e., the SC-FDE symbol length is less than the channel length. Therefore, in [18] , the authors only analyzed the case . Here, for V-OFDM, still needs to satisfy 2 , however, can be a number less than, equal to or greater than the channel length .
B. Outage and ser Analysis for MMSE-V-OFDM
The following lemma proved in [18] is useful for the diversity order analysis. For completeness, we state it here again without proof.
Lemma 2:
Assuming that the elements in are i.i.d. zero mean complex Gaussian distributed, and a real constant , we have
As stated before, in [18] , the authors only considered the case . In the following, we firstly consider the case , which is similar as the case in [18] . Here, we just state the results for V-OFDM. In the proof, we briefly transform the problem to be the same as that in [18] , and then apply the results in [18] . Proof: This can be proved the same way as that in Theorem 2 and Corollary 1 in [18] .
Since in V-OFDM, the VB size can be a number smaller than the channel length, in the following we consider the case . It is not a straightforward extension of the results in [18] . The properties of the matrix needs to be considered carefully. . Regarding the second item in the right-hand-side of (24), we define . Then, (24) can be written as (25) First of all, the defined in (24) is real. Because the left-handside of (25) is positive, if , we should have , which means that the second item of the right-hand side of (25) (26) is also valid for . The above results are for the outage diversity order. For the diversity order based on the SER, we have the following theorem. It is similar to that established in [18] .
Theorem 5: For MMSE-V-OFDM, the diversity equals
Proof: Using arguments similar to those in Lemma 3 in [18] , we can prove the upper bound, i.e.,
. Also using similar arguments as those in Lemma 4 in [18] , and noticing the special structure of , we can prove the lower bound . Combining both the upper bound and lower bound, we can prove the theorem.
Compared to the results of the diversity obtained in [18] for SC-FDE, the above results are their generalizations. For SC-FDE, the transmission block length in [18] has to be more than the channel length , while the VB size in this paper can be smaller than .
C. Outage and Ser Analysis For ZF-V-OFDM
If ZF receiver is used for V-OFDM, the diversity order only equals 1. This is summarized in the following theorem.
Theorem 6: For ZF-V-OFDM, the diversity order . Proof: Substituting (14) into (18) and following the same procedure as that used in [18] to prove the Theorem 4, we can show that
. Similarly, we can show that .
VI. SIMULATION RESULTS
In this section, we do simulations to validate the analysis. In all the simulations, we assume that the V-OFDM symbol length , the CP length , and the channel CIR is a length vector which has i.i.d. complex Gaussian distributed elements. For all the SER plots, the system is uncoded. , and 6 represent QPSK, 16QAM, and 64QAM, respectively.
A. The Increase of the Detection SNR Gap With the VB Size
In Fig. 2 , the value is plotted versus at different channel lengths . From the plot, we can clearly see that the gain of the MMSE-V-OFDM over the ZF-V-OFDM increases monotonically with the VB size . Also, as increases, the gain increases as well. Please note that this detection SNR gap cannot be simply mapped to the SNR gap in the SER versus SNR curves below, where in the SER versus SNR curves the gap is between the channel SNRs.
B. The Equal Performance of Different VBs
To verify Theorem 2, Fig. 3 plots the SER versus SNR for different VBs when MMSE-V-OFDM is used. The parameters assumed in the plots are:
, and . In this case, there are totally VBs. In the figure, we plot 16 curves. The equal performance can be clearly seen from the overlaps of the curves for different VBs. Also, it is worth noticing that for ML-V-OFDM, due to the complexity, it is difficult to run simulation for large , while for MMSE-V-OFDM, we can get the simulation results for large easily. For ZF-V-OFDM, we have similar results.
C. The MMSE-V-OFDM Diversity Order
Figs. 4 , we can see the decrease of the diversity order with . , the diversity order is limited by the channel, and is only 1. When is increased from 0 to 1, the slope of the curve changes. When is greater than 1, the diversity order is limited by and , and we can only see a small shift of the curve and the slope does not change. This matches with the theoretical analysis. Fig. 7 compares the outage rate at different with and . When , and the diversity order is limited by and . And the curves show the same slope for these cases. When and 32, and 2, respectively. From the curves we can see the increase of the slope for these two cases. When , and the diversity order is limited by . So, the diversity order still equals 2. From the curve we can see the same slope of the cases and . This verifies the theoretical analysis. Fig. 8 compares the SER of ML-V-OFDM and MMSE-V-OFDM at different with and . For ML-V-OFDM, when increases from 1 to 4, the diversity order of the majority of the VBs increases [12] , [16] [17] , and the performance increase can be seen from Fig. 8 . For MMSE-V-OFDM, we simulate the cases and . When MMSE-V-OFDM is at , the diversity order equals 2. From Fig. 8 , we can see that its performance is more close to the ML-V-OFDM at , whose majority of the VBs have diversity order of 2. When MMSE-V-OFDM is at , the diversity order equals 5. From Fig. 8 , we can see that when SNR is high, MMSE-V-OFDM with outperforms ML-V-OFDM with whose majority of the VBs have diversity order of 4. These confirm the theoretical analysis in the paper. Fig. 9 shows the outage rate of ZF-V-OFDM at different with and . We can see that ZF-V-OFDM does not provide any diversity gain. Fig. 10 compares the SER performance of conventional OFDM (i.e., V-OFDM with ) MMSE-V-OFDM and ZF-V-OFDM at different , with and . From the plot, we can see that, when is increasing, the ZF-V-OFDM does not have any diversity gain, and it is equivalent to the conventional OFDM at high SNR. In comparison, for MMSE-V-OFDM, when and 64, and 4, and the diversity order equals 2 and 5, respectively. From the plot, we can clearly see the better performance of MMSE-V-OFDM.
D. The ZF-V-OFDM Diversity Order

VII. CONCLUSIONS
In this paper, we analyzed the performance of V-OFDM with MMSE and ZF receivers. We showed that for both ZF-V-OFDM and MMSE-V-OFDM, all the VBs have the same performance. This is different from ML-V-OFDM. Also, different from ML-V-OFDM, the complexity of ZF-V-OFDM and MMSE-V-OFDM does not increase with the size of VB. With simply more information about the noise variance, MMSE-V-OFDM has better performance than ZF-V-OFDM and can provide diversity gain when the VB size increases. We analyzed the diversity orders for MMSE-V-OFDM. Also, we showed that ZF-V-OFDM does not provide any diversity gain. Due to the controllable PAPR and controllable performance, V-OFDM is a promising practical transmission scheme. From the analysis of the paper, we can see that MMSE-V-OFDM could be more promising than ML-V-OFDM and ZF-V-OFDM in terms of the complexity and performance tradeoff. APPENDIX A DERIVATION OF (11) We can see that it is independent of .
for .
APPENDIX B PROOF OF THEOREM 1
Proof: Using (8),
can be written as
Since the diagonal elements of , the right-hand-side of the above does not depend on . Using and , can also be written as (27) Similarly, Using (11), can be written as (28) Then is Do SVD of , i.e., , and substitute it into the above equation, we have So, as increases, also increases, and
Using the representation of (27) and (28), it is not difficult to see that . Since the left-hand side of the above equation is independent of , the right-hand side is also independent of .
